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A new nonparametric process identification method is proposed to obtain the fre-
quency response model from given process input and output data. The proposed algo-
rithm can estimate exact models for all desired frequencies. It is applicable to various
process conditions (initial/final steady-state, initial steady-state/final cyclic-steady-
state, and initial/final cyclic-steady-state) and requires a smaller amount of memory
than previous methods. Also, it provides the exact models even in the presence of a
static disturbance and shows an acceptable robustness to measurement noises. VVC 2011
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Introduction

The describing function analysis has been widely used to
identify the ultimate information of the process from the
relay feedback signal since Åström and Hägglund proposed
the original relay feedback identification method for the
automatic tuning of proportional-integral-derivative (PID)
controllers.1 It is derived from the Fourier series of the relay
feedback signal, where the fundamental term of the series is
considered. In general, the ultimate frequency and gain esti-
mated by the describing function analysis show acceptable
accuracy for usual processes. However, since the square sig-
nal is approximated by one sinusoidal signal, the harmonic

terms could be dominant. Several methods have been pro-
posed to obtain a more accurate ultimate data set by reduc-
ing the harmonics.2–4 Nevertheless, the estimation errors still
remain because of the describing function approximation.

To overcome the problems of the describing function analy-
sis method, Sung and Lee5 proposed the Fourier analysis
method. It has the ability to estimate the exact frequency
response data of the process without any approximation. But,
all the aforementioned methods can identify only one or two
frequency response data because it uses only the cyclic-steady-
state part of the process data, not sufficient to tune controller
with high performance specifications. So, many researchers
have exerted their efforts on developing a new algorithm to
identify multiple points of frequency responses of the process.

Luyben6 proposed an identification method for the case of
initial/final steady-state using the Fourier transform.
Although it can provide exact frequency models for a wide
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range of frequencies, it is valid only for the case that both
the initial and the final part of the excited process data are
steady-state. Sung and Lee7 and Ma and Zhu8 proposed an
improved nonparametric identification algorithm using a
modified Fourier transform. The algorithm uses all of the
process data from the initial transient region to the final
cyclic-steady-state part. So, it is possible for the algorithm to
estimate the frequency responses of the process for all
desired frequencies.9 However, these methods can be applied
only to the cases where the initial part and the final part of
the excited process data are steady-state and cyclic-steady-
state, respectively. They cannot incorporate the case in
which both the initial part and the final part are cyclic-
steady-state. So, Cheon et al.10 proposed a new method
which can be applied to a greater variety of situations (ini-
tial/final steady-state, initial steady-state/final cyclic-steady-
state, and initial/final cyclic-steady-state). It also provides
exact frequency responses for all desired frequencies. But, it
requires a significant amount of memory because it needs a
data preprocessing step of repeating the data of one period
in the initial cyclic-steady-state part. Table 1 summarizes the
characteristics of all the previous approaches.

Therefore, in this article, an improved frequency response
model identification method is proposed to overcome the
problems of the previous approaches. It has the ability to
provide exact frequency responses for all desired frequencies
as well as it is applicable to various conditions of processes
(both initial/final steady-state, initial steady-state/final cyclic-
steady-state and both initial/final cyclic-steady-state). Also, it
requires a smaller amount of memory than the previous
method10 because it does not require any data preprocessing
step. Furthermore, it provides the exact models even in the
presence of a static disturbance and shows an acceptable
robustness to measurement noises.

Process excitation

In this article, the following three types of process excita-
tion are considered for the development of the proposed
method as shown in Figure 1. In Figure 1a, both the initial
and final parts are steady-state. In this case, a proportional
controller is used. In Figure 1b, the initial part of the signal is
steady-state and the final part is cyclic-steady-state. A biased-
relay feedback method is used for this case. In Figure 1c, the

Table 1. Summary of Previous Approaches

Specifications

Algorithms

DFA1 FA5 FTS6 MFT7,8 MFTIC10

Applicability to initial steady-state
and final steady-state

X X O X O

Applicability to initial steady-state
and final cyclic-steady-state

O O X O O

Applicability to initial cyclic-steady-state
and final cyclic-steady-state

O O X X O

The number of estimated frequency
responses

Only one or two Only one or two Theoretically all Theoretically all Theoretically all

Accuracy Approximated Exact Exact Exact Exact
Remarks – – – – Needs data

preprocessing step

DFA, describing function analysis; FA, Fourier analysis; FTS, Fourier transform for initial and final steady-state; MFT, modified Fourier transform for initial
steady-state and final cyclic-steady-state; MTFIC, modified Fourier transform for initial cyclic-steady-state.

Figure 1. Three cases of process excitation.
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initial unsteady-state response is stabilized to the initial
cyclic-steady-state. The final part is cyclic-steady-state. In this
case, a biased-relay feedback method9 is used.

Development of Proposed Identification Method

In this section, the improved frequency response model
identification method is first developed for the process input
and output data of Figure 1c, followed by the extension to
the other cases of Figures 1a,b.

The following assumptions and definition are considered
to develop the proposed method.

Assumption 1

The initial part from ti to ti þ Pi and the final part from tf
to tf þ Pf of the excited process input and output are cyclic-
steady-state as shown in Figure 1c.

Assumption 2

The dynamics of the process is described by the following
linear time-invariant transfer function:

G sð Þ ¼ bms
m þ bm�1s

m�1 þ � � � þ b1sþ b0
ansn þ an�1sn�1 þ � � � þ a1sþ 1

(1)

This is equivalent to the following differential equation:

an
dnyðtÞ
dtn

þ an�1

dn�1yðtÞ
dtn�1

þ � � � þ a1
dyðtÞ
at

þ yðtÞ

¼ bm
dmuðtÞ
dtm

þ bm�1

dm�1uðtÞ
dtm�1

þ � � � þ b1
duðtÞ
dt

þ b0uðtÞ; ð2Þ

where, u and y denote the process input and the process output,
respectively.

Definition 1

Let yt (p,q,s) be defined as a transform of y(s) as following:

yt p; q; sð Þ ¼
Z q

p

e�ssyðsÞds; (3)

where s is a complex variable.
Now, let us propose new algorithms to estimate the fre-

quency responses of the process from the process input and
output data and prove them.

Proposed algorithm 1

All the frequency responses of the process for any desired
frequency can be estimated by the following proposed method.

For the nonzero desired frequency of x = 0:

GðjxÞ ¼ ejxðPiþPf Þ R tfþPf

tiþPi
e�jxsyðsÞds� ejxPi

R tf
tiþPi

e�jxsyðsÞds� ejxPf
R tfþPf

ti
e�jxsyðsÞdsþ R tfti e�jxsyðsÞds

ejxðPiþPf Þ R tfþPf

tiþPi
e�jxsuðsÞds� ejxPi

R tf
tiþPi

e�jxsuðsÞds� ejxPf
R tfþPf

ti
e�jxsuðsÞdsþ R tfti e�jxsuðsÞds

(4)

For the zero desired frequency:

Gð0Þ ¼
pi
R tfþpf
tf

yðsÞds� pf
R tiþpi
ti

yðsÞds
pi
R tfþpf
tf

uðsÞds� pf
R tiþpi
ti

uðsÞds (5)

Proof. First, several characteristics of periodic functions
are needed to be considered. dk�1 y(t)/dtk�1|ti þ Pi and dk�1

y(t)/dtk�1|ti are the same becausey(t) from ti to ti þ Pi is a peri-
odic function of which the period is Pi. It is also valid for u(t)
and the final cyclic-steady-state part. Then, the following
equations are obtained.

Z tiþpi

ti

dkyðsÞ=dsk� �
ds¼dk�1yðtÞ=dtk�1

��
tiþpi

� dk�1yðtÞ=dtk�1
��
ti
¼ 0; k ¼ 1; 2;… ð6Þ

Z tiþpi

ti

dkuðsÞ=dsk� �
ds ¼ dk�1uðtÞ=dtk�1

��
tiþpi

� dk�1uðtÞ=dtk�1
��
ti
¼ 0; k ¼ 1; 2;… ð7Þ

Z tfþpf

tf

dkyðsÞ=dsk� �
ds ¼ dk�1yðtÞ=dtk�1

��
tfþpf

� dk�1yðtÞ=dtk�1
��
tf
¼ 0; k ¼ 1; 2;… ð8Þ

Z tfþpf

tf

dkuðsÞ=dsk� �
ds ¼ dk�1uðtÞ=dtk�1

��
tfþpf

� dk�1uðtÞ=dtk�1
��
tf
¼ 0; k ¼ 1; 2;… ð9Þ

Equations 10 and 11 are obtained by integrating Eq. 2 from ti
to ti þ Pi or tf to tf þ Pf and using Eqs. 6–9.

Z tiþpi

ti

yðsÞds ¼ b0

Z tiþpi

ti

uðsÞds (10)

Z tfþpf

tf

yðsÞds ¼ b0

Z tfþpf

tf

uðsÞds (11)

Now, consider the following property of the transform, derived
easily by integration by parts.

y
ðnÞ
t ðp; q; sÞ ¼ e�sqyðn�1ÞðqÞ � e�spyðn�1ÞðpÞ þ se�sqyðn�2ÞðqÞ
� se�spyðn�2ÞðpÞ þ � � � þ sn�2e�sqyð1ÞðqÞ � sn�2e�spyð1ÞðpÞ

þ sn�1e�sqyðqÞ � sn�1e�spyðpÞ þ sn
Z q

p

e�ssyðsÞds ð12Þ

where y(i)¼ di y(t)/dti and y
ðnÞ
t ðp; q; sÞ ¼ R qp e�ssfdnyðsÞ=dsngds.

By applying the transformation of Eq. 3 to Eq. 2 and
using Eq. 12, the following is obtained.
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an

(
e�sqyðn�1ÞðqÞ � e�spyðn�1ÞðpÞ þ � � � þ sn�1e�sqyðqÞ � sn�1e�spyðpÞ þ sn

Z q

p

e�ssyðsÞds
)

þ � � �

þ a2

(
e�sqyð1ÞðqÞ � e�spyð1ÞðpÞ þ se�sqyðqÞ � se�spyðpÞ þ s2

Z q

p

e�ssyðsÞds
)

þ a1 e�sqyðqÞ � e�spyðpÞ þ s

Z q

p

e�ssyðsÞds
� �

þ
Z q

p

e�ssyðsÞds ¼ bm

(
e�squðm�1ÞðqÞ � e�spuðm�1ÞðpÞ þ � � � þ sm�1e�squðqÞ � sm�1e�spuðpÞ þ sm

Z q

p

e�ssuðsÞds
)

þ � � �

þ b2

(
e�squð1ÞðqÞ � e�spuð1ÞðpÞ þ se�squðqÞ � se�spuðpÞ þ s2

Z q

p

e�ssuðsÞds
)

þb1 e�squðqÞ � e�spuðpÞ þ s

Z q

p

e�ssuðsÞds
� �

þ b0

Z q

p

e�ssuðsÞds ð13Þ

Applying the following steps to both sides of Eq. 13, Eq. 14 is
obtained.

Step 1: multiply esq.
Step 2: integrate with respect to q between tf and tf þ Pf

and simplify the equation using Eqs. 6–9.
Step 3: multiply esp.
Step 4: integrate with respect to p between ti and ti þ Pi

and simplify the equation using Eqs. 6–9.

denðsÞ
Z tiþPi

ti

esp
Z tfþPf

tf

esq
Z q

p

e�ssyðsÞdsdqdpþ denðsÞ� 1

s

8>: 9>;
�

Z tiþPi

ti

espdp

Z tfþPf

tf

yðqÞdq
 

�
Z tfþPf

tf

esqdq

Z tiþPi

ti

yðpÞdp
!

¼ numðsÞ
Z tiþPi

ti

esp
Z tfþPf

tf

esq
Z q

p

e�ssuðsÞdsdqdp

þ denðsÞ� b0
s

8>: 9>; Z tiþPi

ti

espdp

Z tfþPf

tf

uðqÞdq
 

�
Z tiþPi

ti

uðpÞdp
Z tfþPf

tf

esqdq

!
ð14Þ

where den(s) ¼ an s
n þ an�1 sn�1 þ ��� þ a1 s þ 1 and num(s)

¼ bm sm þ bm�1 sm�1 þ ��� þ b1 s þ b0.
Considering Eqs. 10 and 11, Eq. 14 can be simplified to Eq. 15.

GðsÞ ¼ numðsÞ
denðsÞ ¼

Bþ s2
R tiþPi

ti
esp
R tfþPf

tf
esq
R q
p e�ssyðsÞdsdqdp

Aþ s2
R tiþPi

ti
esp
R tfþPf

tf
esq
R q
p e

�ssuðsÞdsdqdp
(15)

where

A ¼
Z tfþPf

tf

uðqÞdq esðtiþPiÞ � esti
h i

�
Z tiþPi

ti

uðpÞdp esðtfþPf Þ � estf
h i

and

B ¼
Z tfþPf

tf

yðqÞdq esðtiþPiÞ � esti
h i

�
Z tiþPi

ti

yðpÞdp esðtfþPf Þ � estf
h i

Equation 16 is obtained by integration by parts as follows:

GðsÞ ¼ esðPiþPf Þ R tfþPf

tiþPi
e�ssyðsÞds� esPi

R tf
tiþPi

e�ssyðsÞds� esPf
R tfþPf

ti
e�ssyðsÞdsþ R tfti e�ssyðsÞds

esðPiþPf Þ R tfþPf

tiþPi
e�ssuðsÞds� esPi

R tf
tiþPi

e�ssuðsÞds� esPf
R tfþPf

ti
e�ssuðsÞdsþ R tfti e�ssuðsÞds

(16)

Substituting jx for s gives the proposed algorithm 1 of Eq. 4.
Equation 5 for the zero frequency is obtained by applying
L’Hospital’s rule to Eq. 4. n

Now, all the frequency response data of the process for any
desired frequency points can be estimated by the proposed
method 1 of Eqs. 4 and 5 repetitively for each frequency pro-
vided that the excited process signal contains the correspond-
ing frequency component. The proposed algorithm 1 provides
exact frequency data sets for all desired frequencies because it
is developed without any approximation. Also, it need not
have to store the process input and output data. Meanwhile,
the most advanced previous method requires a significant
amount of memory for the data preprocessing step.10

Extensions to the Other Cases

The proposed algorithm 1 for processes with both initial
and final cyclic-steady-state can be extended to the other
cases of Figures 1a,b. Figures 1a,b represent the cases of ini-
tial/final steady-state and initial steady-state/final cyclic-
steady-state, respectively.

Proposed Algorithm 2 for initial and final steady-state

The frequency responses of the process for all desired fre-
quencies can be estimated by Eq. 17 for the case that both
the initial part and the final part are steady-state.
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GðjxÞ ¼ �x
R tf
ti
e�jxsyðsÞdsþ je�jxtf yðtf Þ � je�jxti yðtiÞ

�x
R tf
ti
e�jxsuðsÞdsþ je�jxtf uðtf Þ � je�jxti uðtiÞ

(17)
Proof. Note that Figure 1a is the case of Figure 1c with

Pi ¼ Pf ¼ P ! 0. Then, Eq. 4 with Pi ¼ Pf ¼ P ! 0 can
be applied to Figure 1a as follows:

GðsÞ ¼ lim
P!0

e2sP
R tfþP
tiþP e�ssyðsÞds� esP

R tf
tiþP e

�ssyðsÞds� esP
R tfþP
ti

e�ssyðsÞdsþ R tfti e�ssyðsÞds
e2sP

R tfþP
tiþP e�ssuðsÞds� esP

R tf
tiþP e

�ssuðsÞds� esP
R tfþP
ti

e�ssuðsÞdsþ R tfti e�ssuðsÞds
(18)

By L’Hospital’s rule, Eq. 18 can be simplified to Eq. 19.

GðsÞ ¼ s2
R tf
ti
e�ssyðsÞdsþ se�stf yðtf Þ � se�sti yðtiÞ

s2
R tf
ti
e�ssuðsÞdsþ se�stf uðtf Þ � se�sti uðtiÞ

(19)

Then, it is straightforward to obtain Eq. 17 from Eq. 19 by
substituting jx for s. n

Proposed Algorithm 3 for initial steady-state and final
cyclic steady-state

The frequency responses of the process for all desired fre-
quencies can be estimated by (20)-(21) for the case that the
initial part is steady-state and the final part is cyclic-steady-
state.

For the nonzero desired frequency of x = 0:

GðjxÞ ¼
ejxPf � 1ð Þ jx

R tf
ti
e�jxsyðsÞds� e�jxti yðtiÞ

� �
þ jxejxPf

R tfþPf

tf
e�jxsyðsÞds

ejxPf � 1ð Þ jx
R tf
ti
e�jxsuðsÞds� e�jxti uðtiÞ

� �
þ jxejxPf

R tfþPf

tf
e�jxsuðsÞds

(20)

For the zero frequency:

Gð0Þ ¼
�Pf yðtiÞ þ

R tfþPf

tf
yðsÞds

�Pf uðtiÞ þ
R tfþPf

tf
uðsÞds

(21)

Proof. Note that Figure 1b is the case of Figure 1c with
Pi ! 0. Then, Eq. 4 with Pi ! 0 can be applied to Figure
1b. By applying L’Hospital’s rule to Eq. 4, Eq. 22 can be
obtained.

GðsÞ¼
esPf �1ð Þ s R tfti e�ssyðsÞds�e�sti yðtiÞ

� �
þsesPf

R tfþPf

tf
e�ssyðsÞds

esPf � 1ð Þ s
R tf
ti
e�ssuðsÞds� e�sti uðtiÞ

� �
þ sesPf

R tfþPf

tf
e�ssuðsÞds

(22)

Then, it is straightforward to obtain Eq. 20 from Eq. 22 by
substituting jx for s. Equation 21 can be derived by applying
L’Hospital’s rule to Eq. 20. n

Now, it is clear that the proposed methods of Eqs. 4, 5,
17, 20, and 21 can provide exact frequency responses of the
process for various situations of Figure 1 (initial and final
steady-state, initial steady-state/final cyclic-steady-state, ini-
tial and final cyclic-steady-state). Also, it can estimate all
the frequency response models for any desired frequency
without any modeling errors.

Discussions on Effects of Static Disturbances

Assume that a static disturbance din is added to the pro-
cess input. The proposed algorithm is not affected by the
disturbance and provides the same estimates as those of the
case with no static disturbance.

Proof. If the static input disturbance din is added to the process
input, then the denominator of the algorithm of Eq. 4 becomes

ejxðPiþPf Þ
Z tfþPf

tiþPi

e�jxs uðsÞþdinð Þds�ejxPi

Z tf

tiþPi

e�jxs uðsÞþdinð Þds

� ejxPf

Z tfþPf

ti

e�jxs uðsÞþdinð Þdsþ
Z tf

ti

e�jxs uðsÞþdinð Þds

¼ ejxðPiþPf Þ
Z tfþPf

tiþPi

e�jxsuðsÞds� ejxPi

Z tf

tiþPi

e�jxsuðsÞds

� ejxPf

Z tfþPf

ti

e�jxsuðsÞdsþ
Z tf

ti

e�jxsuðsÞds

þ din

(
ejxðPiþPf Þ

Z tfþPf

tiþPi

e�jxsds� ejxPi

Z tf

tiþPi

e�jxsds

� ejxPf

Z tfþPf

ti

e�jxsdsþ
Z tf

ti

e�jxsds

)

¼ ejxðPiþPf Þ
Z tfþPf

tiþPi

e�jxsuðsÞds� ejxPi

Z tf

tiþPi

e�jxsuðsÞds

� ejxPf

Z tfþPf

ti

e�jxsuðsÞdsþ
Z tf

ti

e�jxsuðsÞds ð23Þ
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Equation 23 is easily derived by replacing
R t2
t1
e�jxsds by

(e�jxt2 � e�jxt1)/(�jx). n
Equation 23 means that the proposed algorithm is not

affected by the static disturbances at all. That is, the pro-
posed algorithm provides the same estimates as those of the
case with no disturbance. Note that wrong deviation varia-
bles are equivalent to the case of static disturbance. It
means that the proposed method provides the exact esti-
mates even in the presence of wrong deviation variables.

In summary, the proposed frequency response model iden-
tification method has several remarkable advantages as fol-
lows: First, the proposed algorithm provides the exact fre-
quency response data for all the desired frequencies. Second,
it can be applied to the various conditions of process (initial
and final steady-state, initial steady-state/final cyclic-steady-
state, and initial and final cyclic-steady-state). Third, it does
not require a data memory to store the process input and
output data. Fourth, it estimates exact frequency responses
data even under the environment of static disturbances. Fifth,
the proposed algorithm provides the exact estimates even in
the presence of wrong deviation variables.

Simulation Study

The performances of the proposed algorithm are validated
with several simulation studies. First, the accuracy of the
estimated frequency responses and applicability to various
process conditions are confirmed. Next, the effect of disturb-

ance and measurement noise on the performance of the pro-
posed algorithm is validated.

Consider the following third-order plus time delay pro-
cess:

G sð Þ ¼ e�0:2s

sþ 1ð Þ3 (24)

Figure 2 shows the excitation of the process (Eq. 24) by the
relay feedback method and the estimation accuracy of the
proposed algorithms of Eqs. 4 and 5 for the case of both initial
and final cyclic-steady-state. As expected, the proposed
method provides exact frequency responses for all the desired
frequencies. The other cases (both initial and final steady-state
and initial steady-state/final cyclic-steady-state) were also
simulated and the ability of the proposed algorithms of Eq. 17
and Eqs. 20 and 21 to estimate the exact frequency response
data of the process is confirmed.

Figure 3a shows the input/output data of the process (Eq.
24) in the presence of an input static disturbance of 0.1. Fig-
ure 3b compares the Nyquist plots of the process and the
model. As expected, the proposed algorithm completely
removes the effect of the static input disturbance and pro-
vides the exact frequency responses of the process.

Figure 4a shows the input/output data of the process (Eq.
24) of which the output is corrupted by random measure-
ment noises distributed uniformly between �0.02 and 0.02.
Figure 4b shows that the proposed algorithm provides ac-
ceptable accuracy and robustness to measurement noises.

Figure 2. (a) Process excitation (initial cyclic-steady-
state and final cyclic-steady-state) and (b)
identified frequency responses.

Figure 3. (a) Process excitation in the case of a static
input disturbance and (b) identified frequency
responses.
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Conclusions

In this study, a new frequency response model identifica-
tion method is proposed to overcome the problems of the
previous approaches. The proposed algorithm provides accu-
rate frequency responses data sets for all desired frequencies

and can be applied to various process conditions. It need not
have to store the process input and output data, while the
most advanced previous method10 requires a significant
amount of memory for a data preprocessing step. Further-
more, the proposed method completely removes the effects
of static disturbances and shows good robustness to measure-
ment noises.
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Figure 4. (a) Process excitation in the case of mea-
surement noises and (b) identified frequency
responses.
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